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Introduction 

0.1. Fano complete intersections. Fix integers k > 2, M > 2k + 1 and a fc-uple 
of integers (rfi, . . . , dk) G Z^, satisfying the conditions 

dk > . . . > di > 2 and di + . . . + df, = M + k. 

The symbol P stands for the complex projective space f'^^^^. Take homogeneous 
polynomials /, G H°{¥, Op{di)) \ {0}, i = 1, . . . , fc, on P. By the symbol 

F(/i,...,/,) = F(/,) 

we denote the closed algebraic set 

{/i = • • • = /fc = 0} C P. 

Let 

k 

j=i 

be the space of Fano complete intersections of type {di, . . . , dk), that is, is the set 
of irreducible reduced complete intersections of codimension k in P. Every variety 
-F G is a Fano variety of index one and dimension M. The anticanonical degree 
of the variety F is d = di ... dk- Let J-'sm C be the space of smooth Fano complete 
intersections. 
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Let F = . . . , fk) G be a Fano complete intersection, x E F a. point. Let 
£^M+k (2f>ioQQ_ standard affine chart, (zi, . . . , ZM+k) a system of linear coordinates on 
£^M+k ^[^i^ ^]-^g origin at the point x. For each i = 1, . . . , k we have the presentation 

fi = qi,i + . . . + qi,di, 

where q.ij{z,,) is a homogeneous polynomial of degree j. Recall 

Definition 0.1 [1]. A smooth point x G -F is regular, if the set of polynomials 

{qi,j I 1 < « < A;, l<3<di, (ij) ^ (k^dk)}, (1) 

consisting of all homogeneous polynomials qij, except for the very last one qk,dky 
makes a regular sequence in O^^f, that is, the system of equations 

{q^,J = 0\ {t,j)^{k,dk)} (2) 

defines a closed set of dimension one in C^^''"'^, that is, a finite set of lines passing 
through the origin. 

Projectivizing C^"'^"'"'^, one can formulate the regularity condition in the following 
way: the system Q defines a zero- dimensional set in p^^+^^^-i. If x G -F is a regular 
point, then there are at most finitely many lines on F passing through x. (The 
converse, generally speaking, is not true.) 

Note that regularity of the sequence implies smoothness of the point x E F. 
In Definition 1 we intentionally assumed that the point is smooth, in order to be 
able to extend the regularity condition to singular points. 

Definition 0.2. A singular point x E F is regular, if 

(i) it is a non-degenerate quadratic singularity; 

(ii) the system of equations defines a closed set of dimension two in C*^"'"*' 
(respectively, a curve in p^j^+^-i)^ the linear span of each irreducible component of 
which is 

T = {qi,i = q2,i = ... = qk,i = 0}. 

If X G -F is a singularity, then the linear forms = l,...,k, are linear 

dependent. The regularity of the point x E F means that, deleting from the set (P) 
exactly one linear form, say qi^e, we obtain a regular sequence, that is, the system 
of equations 

{g,, = 0|(z,j)^{(l,e),(A;,4)}} (3) 
defines a two-dimensional set in C^'^"*"^ (respectively, a curve in 

^M+k-iy partic- 
ular, codimT = — 1 and the tangent cone T^F C T is a non-degenerate quadric. 
Moreover, it follows from the regularity condition that, replacing in the set (Q) the 
linear form gi e by an arbitrary linear form l{zi, . . . , ZM+k-i), such that / | 2- ^ 0, we 
obtain a regular sequence, since neither component of the closed set ^ is contained 
in the hyperplane / = 0. 

The following fact was proved in [1]. 

Any smooth variety F E , regular at every point x E F , is birationally super- 
rigid. In particular, F has no non-trivial structures of a rationally connected fiber 
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space ( and, moreover, non-trivial structures of a fiber space into varieties of nega- 
tive Kodaira dimension ), F is non-rational and the groups of hirational and biregular 
automorphisms of the variety F coincide: Bir F = Aut F. 

Since the singular Fano complete intersections form a divisor JFgjng = J-' \ J-'sm, 
for any Fano fiber space tt: F — > P^, each fiber of which Ft — 7r~^{t), t e P^, is 
a Fano complete intersection, Ft G J-", there are singular fibers Ft £ ^smg (unless 
V = F xF^ for some F G J-'sm, but we do not consider these fiber spaces here). 

Let J-'rcg C be the set of complete intersections, satisfying the regularity con- 
dition at every point (smooth or singular). 

Proposition 0.1. The following estimate holds: codimjF(^ \ ^reg) > 2. 

Proof. The computations of [1] show that the complete intersections F G 
non-regular at at least one smooth point x G F, form a subset of codimension > 2 
in (see [1 , p. 76]). On the other hand, it is obvious that the varieties F, that 
have at least one non- regular singular point, form a proper closed subset in J-'smg- 
Q.E.D. for the proposition. 

0.2. Fano fiber spaces. Let vr: y ^ be a Fano fiber space, the fibers of 
which are complete intersections of type (rfi, . . . , dk) in P, that is. Ft = vr~^(t) G 
for i G P^. For the variety V we assume the following: 

• V is smooth, 

• A^v = Pic y = ZKv e ZF, A^v = ZK^ e zhf, 

where Hp = {—Ky ■ F) is the anticanonical section of the fiber. By the symbols 
A\V C A^V and A^V C A^V we denote the closed cones of the pseudoeffective 
cycles of codimension one (that is, divisors) and two, respectively. Set also A]^^^V C 
A^y to be the closed cone generated by the classes of movable divisors in A^V — 

A^V (g) R. 

Now let us formulate the main result of this paper. 

Theorem 1. Assume that the Fano fiber space V/¥^ satisfies the following 
conditions: 

(i) {the regularity condition) Ft G J-'rcg for every point t G P"*", 

(ii) {the K'^-condition of depth 2) + 2Hf ^ Int A\V . 

Then for any movable linear system S C | — nKy + IF\ with / G Z_|_ its virtual 
and actual thresholds of canonical adjunction coincide, Cvirt(S) = c(S) = n. If, 
moreover, the fiber space V/¥^ satisfies the condition 

(iii) {K- condition) —Ky ^\niA]^^^V, 
then the variety V is birationally superrigid. 

Corollary 1. Assume that the Fano fiber space V/F^ satisfies the conditions 
(i)-(iii) of the theorem above. Then the projection Tr:V — > P^ is the only non- 
trivial structure of a fibration into varieties of negative Kodaira dimension on V. 
The variety V is non-rational, its groups of birational and biregular automorphisms 
coincide: Bir V — Aut V; for a generic V this group is trivial. 



3 



Proof of the corollary. These claims follow from birational superrigidity in 
the standard way, see [2-5]. 

0.3. Explicit constructions. Let a* = {0 = Oq < Oi < . . . < OM+fc} be a non- 

M+k 

decreasing sequence of non-negative integers, S = ^ Opi(aj) a locally free sheaf 

1=0 

on P^, X = P(£) the corresponding projective bundle in the sense of Grothendieck. 
Obviously, we have 

Pic X = ZLx ®ZR, Kx ^ -{M + k + l)Lx + {ax - 2)R, 

where Lx is the class of the tautological sheaf, R is the class of a fiber of the 
morphism tt: X — > P^, ax = Oi + • • • + ciM+k- Furthermore, we get L^"*"*^"*"^ = ax- 
For some /c-uple . . . , 6^) € ^+ let 

Gi e I diLx + biR\ 

be irreducible divisors such that the complete intersection 

y = Gi n . . . n Gjfc c X 

is a smooth subvariety The projection tt\v-V is denoted by the same symbol 
TT, the fiber 7r~^{t) C F by the symbol Ft, the restriction Lx | y by L. Obviously, 

Pic V = ZL® ZF, Kv = -L+ {ax + bx - 2)F, 

where bx — bi + . . . + bk- It is easy to check the formulae 

(L^ . F) = {H^ . L^-^) = d, L^+^ = d{ax + E 

i=l ' 

where d — di...dkis the degree of the fiber. From this we get: 

{-Ky . L^) = rf(2 - E ^b,) 

i=i 

and 

{Kl . L^-') ^d{A-ax-i2 ^^b,). 

1=1 

Since the linear system |L| is free, these formulae immediately imply 

k 

Proposition 0.2. (i) If ax + J2 ^ 2 then the K'^ -condition of depth 2 

holds: Kl - 2Hf Int AlV. 

k 

(ii) // XI ^bi > 2, then -Ky ^ Int A\V and the more so, -Ky ^ Int^^o^l^. 

1=1 ' 

(iii) // the inequality just above is strict, then —Ky ^ A^V. 

4 



0.4. Acknowledgements. The linear techniques that made it possible to 
exclude maximal singularities over a singular point of a fiber, was developed during 
my stay at Max-Planck-lnstitut fiir Mathematik in Bonn in the autumn of 2003. I 
would like to use this opportunity to thank the Institute once again for the excellent 
conditions of work and general hospitality. 

1 Proof of birational superrigidity 

In this section we prove Theorem 1. The proof consists of two parts: firstly, we 
formulate a sufficient condition of birational superrigidity (Theorem 2), secondly, 
we check this condition for varieties with a pencil of Fano complete intersections. 

1.1. The method of maximal singularities. In this subsection we consider 
Fano fiber spaces V/f^, not assuming that the fibers Fj, t e P^, are taken from some 
particular family of Fano varieties. We assume only that F is a smooth variety, that 
the conditions 

= VicV = ZKv © ZF, AW = ZKl © ZHp 

hold, where Hp = {—Ky ■ F) is the ample anticanonical section of the fiber, and 
that the fibers Ft, t eF^, have at most isolated factorial singularities, and moreover 
Pic Ft = A^Ft = ZKf, and A^Ft = ZK\ for every i e P\ The symbols A\V , A\V 
and ^4^^^^,^^ mean the same as above. The general idea of the method of maximal 
singularities is to reduce the problem of birational rigidity of a Fano fiber space 
V^/P^ to certain problems of numerical geometry of its fibers and to numerical char- 
acteristics of "twistedness" of the fiber space V/P^ over the base. In this subsection 
we formulate a sufficient condition of birational superrigidity, realizing one of the 
versions of such reduction. For another versions, see [3,4]. 

By the degree of an irreducible subvariety Y (Z V, contained in a fiber, Y G Ft 
(such subvarieties are said to be vertical), we mean the integer 

degY = {Y ■ {-Kvf'^'^). 

By the degree of an irreducible subvariety Y gV, covering the base P-*", 7r{Y) — P-*- 
(such subvarieties are said to be horizontal), we mean the integer 

degy = (y • F • {-KvY''^^-^). 

Definition 1.1 [4]. The fiber space V/F^ satisfies 

• the condition (v), if for any irreducible vertical subvariety Y of codimension 
two (that is, y C is a prime divisor, t = 7t{Y)) and any smooth point o E Ft 
the inequality 

multoy ^ 2 
degy ~ degV 

holds; 
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• the condition (/), if for any irreducible vertical subvariety Y of codimension 
three (that is, codinii? Y = 2, F = Ft D Y) and any smooth point of the fiber 
& F the following inequality holds: 

multoF ^ 4 

< . (4) 

degF - degV ^ ' 

For convenience of notations the ratio of the multiplicity to the degree is written 
down in the sequel by one symbol 

multo ^ multoF 
deg deg Y 

Let S C I — nKy + /F| be a movable linear system, / G Z+. Recall [1-6] 
Definition 1.2. An exceptional divisor E oi & birational morphism i^-.V ^ 
where \^ is a smooth projective variety (we can restrict ourselves by the morphisms 
ip of the type (^at o . . . o (^j^, where yjj is a blow up with an irreducible center), is a 
maximal singularity of the linear system S, if the Noether-Fano inequality 

ue{^) > na{E) (5) 

holds, where z/£;(S) = ord^(y9*S is the multiplicity of the pull back of a general 
divisor of the system S along E, a{E) is the discrepancy, n G Z+ was defined above. 
For n > 1 the inequality © means that the pair (V, ^S) is non-canonical and E G V 
is its non-canonical singularity. The irreducible subvariety 

B = !f{E) = centre {E, V) 

is called the center of the non-canonical (maximal) singularity E. 

Theorem 2. Assume that the Fano fiber space V/F^ satisfies the generalized 
K'^-condition of depth 2, that is, 

Kl + 2Hf ^ Int A^V, 

and the conditions {y) and (/), formulated above. 

(i) // the center of every maximal singularity of a movable linear system S C 

I — nKy + IF\ with I G Z+ is not a singular point of a fiber, then the virtual and 
actual thresholds of canonical adjunction of the system S coincide: Cvirt(S) = c(S). 

(ii) // the assumption of (i) holds for any movable linear system on V and the 
variety V satisfies the K-condition, that is, 

-Kv ^\niA]^^^V, 

then the variety V is birationally superrigid. 

For the proof of the theorem, see [4]. Now we just note that the claim (ii) follows 
from (i) in an obvious way. Theorem 2 reduces proving birational superrigidity to 
checking the i^^-condition, i^-condition, the conditions (f ) and (/) and, finally, to 
excluding the maximal singularities, the center of which is a singular point of a fiber. 
Note that 
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• the K^- and i^-conditions are checked in a routine way, usually it is an easy 
thing to do, and, in a sense, a "majority" of Fano fiber spaces satisfies these 
conditions, see Proposition 0.2 above; 

• usually the conditions {v) and (/) arc known, given that every fiber is bira- 
tionally superrigid, since it is via checking the inequality of the condition (/) 
that birational superrigidity of a Fano variety is usually being proved, whereas 
the condition {v) follows from (/) in an easy way (see below); 

• it is excluding of a maximal singularity lying over a singular point of a fiber 
that has ever been the hardest part of the proof, its heart [3,7], however, 
employing the connectedness principle of Shokurov and KoUar [8,9] makes it 
possible to considerably simplify this part, in the way in which it is done below, 
even slightly relaxing the conditions of general position compared to [3,7]. 

1.2. Proof of Theorem 1. The condition (/) was shown in [1]. Let us prove 
(f ). Let Y d F = Fthe a, prime divisor, o G F a point. Take a general hyperplane 
if C P, tangent to F at the point o, that is, H D T^F. Set T = HflF. By generality, 
y 7^ T, so that Yt = {Y o T) is a well defined effective cycle of codimension two on 
F, and moreover, 

multo^ . multo^ 
— — > I— — r. 

deg deg 

Now the condition (/) implies {v). 

It remains to check that the center of a maximal singularity of the pair {V, ^E) 
cannot be a singular point of a fiber. Assume the converse: in the notations of Sec. 
1.1 centre(£', = o e F is a singularity of the fiber. Let A: ^ F be the blow 
up of the point o, A~^(o) = C F~^ the exceptional divisor. The blow up A can be 
looked at as the restriction of the blow up Ap: P+ — P of the point o on P, so that 

C F is a non-singular quadric of dimension M — 1, where E = Ap ^(o) = p^^+'^-i 
is the exceptional divisor. 

Proposition 1.1. There exists a hyperplane section B of the quadric E'^ C E, 
satisfying the inequality 

multB(A*EF) > 2n. 

Proof: it follows from the connectedness principle of Shokurov and KoUar [8,9], 
for the details see [5 , Sec. 3]. 

Let D d 'Ep — 121 F he an effective divisor on F, D e InHp]. By Proposition 
1.1, the inequality 

multo D + 2 multfi D+ > An 

holds, where D'^ C F"*" is its strict transform on F+. Let if C P be a general 
hyperplane, containing the point a and cutting out B, that is, 

ii+ n F+ = {H+ nE)nE+ = B, 
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JJ+ (- p+ jg ^Yie strict transform. Set T = H (1 F. The variety T is a complete in- 
tersection of type {di, . . . , dk) in H = p^-f+^^-i with an isolated quadratic singularity 
at the point o. The effective divisor Dt = {D oT) on T satisfies the inequality 

multo Dt > 4n. (6) 

Obviously, Dt G IuHtI, where Ht is the hyperplane section of T C By lin- 

earity, one may assume the divisor Dt to be prime, that is, an irreducible subvariety 
of CO dimension one. 

Now, repeating the arguments of [1, Sec. 2] word for word, we obtain a contra- 
diction. 

It is possible to repeat the arguments word for word due to the stronger regularity 
condition at the point o E F: the hyperplane section T C p^^+^~i satisfies the 
ordinary regularity condition at this point. 

This scheme of arguments was suggested and first used in [10, Sec. 3] for the 
pencils of Fano hypersurfaces. 

Q.E.D. for Theorem 1. 

Remark 1.1. Starting with the pioneer paper [6] and up to [4], the technique 
of excluding infinitely near maximal singularities almost always was quadratic, that 
is, making use of the operation of taking the self-intersection of the movable linear 
system E. As the proof above shows, for certain types of maximal singularities 
the linear technique, based on the connectedness principle of Shokurov and Kollar 
(which, in its turn, is based on the Kawamata-Viehweg vanishing theorem [11-13]), 
is more effective. Combining the quadratic and linear methods makes it possible 
to simplify the proof and in some cases relax the conditions of general position 
(compare [3,4,14]). 



2 Related results 

2.1. Divisorially canonical complete intersections. Recall the following 

Definition 2.1 [5]. We say that a primitive Fano variety F is divisorially 
canonical, or satisfies the condition (C) (respectively, is divisorially log canonical, or 
satisfies the condition [L)), if for any effective divisor D G | —uKpl, n > 1, the pair 

(F, ^D) (7) 

has canonical (respectively, log canonical) singularities. If the pair (|7j) has canonical 
singularities for a general divisor -D G S C | — nKpl of any movable linear system 
S, then we say that F satisfies the condition of movable canonicity, or the condition 
(M). 

The following fact was proved in [5]. 

Assume that primitive Fano varieties Fi, . . . , F^, K > 2, satisfy the conditions 
(L) and (M). Then their direct product 



V = FiX ...X F, 



K 
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is birationally superrigid. 

To prove the condition (C) , one needs much stronger regularity conditions than 
to prove the condition (M), which already implies birational superrigidity. In the 
notations of Sec. 0.1 let us give 

Definition 2.2. A smooth point x E F satisfies the stronger regularity condition 
(i?"*"), if for every linear form l{z^,), that does not vanish identically on the tangent 
space 

T.F = = . . . = qk,i = 0}, 
the following set of polynomials: 

{l}[j{qi,j\l<i<k,l<j<di,{i,j)^{{k,dk),{k-l,dk-i)}} 

provided that dfc-i = dk, and 

{/} U {Qijl <i<k,l<j<di, ^ {(A;, 4), {Kdk - 1)}} 

provided that dk-i < d^ — 1, makes a regular sequence in O^^p- 

Proposition 2.1. When k > 2, M > Ak + 1, there exists a non-empty Zariski 
open subset jF+g c J-'rcg of smooth Fano complete intersections, satisfying the con- 
dition {R~^) at every point. 

Proof is obtained by a routine dimension count by the methods of [1,15]. The 
scheme of arguments is as follows. Without loss of generahty assume that qi^i = 
ZM+i- It is necessary to estimate the codimension of the set of non-regular sequences 

{1} U {qi,j\l <i<k,2<j<di, ^ {(/c,4), {k - l,4-i)}} 
(respectively, 

{[} U {q^J\l <i<k,2<j<di, ^ {{k, dk), (/c, 4-1)}} 

for the case dk-i < 4 — 1), where /, qij are homogeneous polynomials in the variables 
Zi, . . . ,zm- Wc need this codimension to be at least 2M + 1. For M > Ak + 1 
a straightforward combination of the methods of [1] and [15] gives the required 
inequality which proves the proposition. 

Renicirk 2.1. More refined computations make it possible to prove that the set 
jF+g is non-empty (by the same methods) under somewhat weaker assumptions for 
M,k. 

Theorem 3. The complete intersection F G JF+g satisfies the condition (C) for 
M >4:k + l, dk>S. 

Proof. Assume the converse: for some divisor D e \nH\ the pair (F, ^D) is not 
canonical, that is, it has a maximal singularity E (ZV, 

UEiD) > na{E), 
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where (p:V ^ V is a. sequence of blow ups, E is an exceptional divisor. We may 
assume D to be irreducible. Since for any irreducible subvariety B G F oi dimension 
> k we have multg D <n (see below Sec. 2.3), we obtain the inequality 

multj; D + multy > 2n 

for some point x E F and a hyperplane Y C in the exceptional divisor C 
of the blow up of the point x, X: F~^ — > F, E^ = X~^{x), see [5,10] for the details. 
Let T C -F be a general hyperplane section, containing the point x and satisfying 
the condition T"*" fl E~^ = Y, where T"*" C F~^ is the strict transform of the divisor 
T. By generality, we get Supp D (/:T, so that Dt — {D oT) is an effective divisor 
on T, Dt G |ni?T|, satisfying the inequality multa;£>r > 2n. 

Let us show that this is impossible. In order to do that, we apply to the effective 
divisor on the complete intersection T the technique of hypertangent divisors in 
exactly the same way as it was done for a subvariety of codimension two in [1 , Sec. 
2]. As a result, we obtain the estimate 

mult^, . 2 3 dfe d+ 

^ d^ • 4 • 4^ • 

where d+ = (i^, if dk-i = dk, and d^ = dk — 1, otherwise. If M > 4A; + 1 and d^ > 8, 
this implies the inequality multj, Dt < 2n, which is what we need. 
Q.E.D. for the theorem. 

2.2. Structures of relative Kodaira dimension zero. By the relative 
Kodaira dimension of the fiber space P:W ^ S we mean the Kodaira dimension of 
a fiber of general position f3^^{s), s G S. Notation: k{W/S). 

Proposition 2.2. Let F be an arbitrary primitive Fano variety, x'- F W a 
structure of a fiber space, that is, a birational map. Assume that the inequality 

dimS + k{W/S) < dimW 

holds (that is, the fiber of the fiber space W/S is not a variety of general type). Then 
for any movable linear system on S the pair {F, - {x'^)*l3*^s) is not terminal, 
where S = {x~^)*P*^s C | —nKpl is the strict transform of the system P*T,s on F. 

Proof is almost word for word the same as the proof of existence of a maximal 
singularity in the case of Kodaira dimension — oo. Assume the converse: the pair 
(F, -E) is terminal. Let (/?: F ^ F be a resolution of singularities of the map X) 
ij) = X° the composite map, a birational morphism. By the assumption, for each 
exceptional divisor F C F of the morphism ip we have ^'e(E) < na{E). Let F* e E 
be a general divisor. Since there are finitely many exceptional divisors, for some 
n+ e Q+, n+ < n, we get in AqF: 

D + n+K ={n- n+)^*{-KF) + D\ 

where D is the strict transform of F, F is the canonical class of F, F" is an effective 
divisor. Therefore, for 3> the linear system 

E+ = \N\{b + n+K)\ 
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defines a birational map 7 : F — ^ F+ C pdi°i^+. Let W{s) = be a fiber of 

general position, Y{s) C F its strict transform on F. Obviously, the linear system 
S+ I Y{s) also defines a birational map, so that \ w{s) defines a birational map, 

either. However, 

I w^,) = \N\n+Kw^s)\ 

is a subsystem of the pluricanonical system of the fiber W{s), whereas by assumption 
k{W{s)) < dimW{s). A contradiction. Q.E.D. for the proposition. 

Proposition 2.3. Let tt: y — > be a fibration into primitive Fano varieties, as 
described in Sec. 0.2. Assume in addition that 

-Ky ^ Al^^V. 

Then for any structure of a fiber space x- V ""^ W with k(W/S) < dim(W^/S') = 
dimly — dim 5 the pair {V, -{x~^)*P*'^s) is not terminal, where E = (x~^)*/3*E5 C 
\-nKv + lF\. 

Proof is word for word the same as in the absolute case above, taking into 
account that I > 1 and for a sufficiently small e e Q+ the hnear system 

\N\{-eKv + IF)\ 

defines a birational map. Q.E.D. for the proposition. 

When k{W/ S) = 0, Proposition 2.3 can be refined. Let Lp: V ^ V he a resolution 
of singularities of x, '0 = x o the composite map, a birational morphism. If the 
pair (V, ^E) is non-canonical, let Ai — {Ei, . . . , Ek} be the set of all maximal 
singularities of the system E, that is, the exceptional divisors E G V, satisfying 
the strict (that is, the usual) Noether-Fano inequality ^'e(E) > na{E). If the pair 
(V, ^E) is canonical, set M. Now set 

Mt = {EeM\ centre(E) = ip{E) C FJ 

to be the set of maximal singularities, the centers of which are contained in the fiber 
Ft over some point t e P^. Set also 

^ M\{\J Mt) 

to be the set of horizontal maximal singularities, the centers of which cover the base 
P^ 

Proposition 2.4. In the notations above assume that k{W / S*) = and the struc- 
ture X is not fiber-wise with respect to tt, that is, the strict transform {x~^)*P~^{s) 
of a general fiber of the fibration p-.W ^ S on V covers the base P^. Then A4 0. 
If, in addition, Ai^ — 0, then the following inequality holds: 

Etgpi max '^^ > I (8 
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Proof of the fact that 7^ is word for word the same as the proof of Proposi- 
tion 2.3: assume the converse, take = and use the fact that we obtain a hnear 
system with a non-empty movable part, since the system \F\ is movable. Taking 
into account that x is not fiber-wise with respect to tt, this contradicts the condition 
k{W/S) = and proves the existence of a maximal singularity. Proof of the second 
claim is word for word the same as the proof of Proposition 1.3 in [4], with the only 
difference: by what has been just said, the linear system 

\lF-J:EeM{M^)-naiE))\ (9) 

cannot have a non-empty movable part. In [4] the case under consideration was 
k(W/S) = —00, so the system Q had to be empty. For this reason the inequality 
(jHI) turns out to be non-strict. Q.E.D. for the proposition. 

Remark 2.2. As one can see from the arguments of this section, description 
of the structures of a fibration of relative Kodaira dimension zero (in fact, of any 
non-maximal Kodaira dimension for primitive Fano varieties) is completely similar 
to the case of negative Kodaira dimension. If it is possible to study the structures of 
negative Kodaira dimension for a certain class of Fano varieties or Fano fiber spaces, 
then the very same arguments (with minimal modifications) work successfully for the 
structures with k = 0, either. This observation belongs to Cheltsov: [16,17,18,19] 
reproduced the arguments of [15,20 and 21, 22 and 23, 2], respectively, which gave 
a description of i^"-trivial structures on the corresponding varieties. 

2.3. The structures of zero Kodaira dimension on varieties with a 
pencil of complete intersections. In [1] a proof of the following fact was sketched. 

Proposition 2.5. Let F G J^rcg be a smooth regular Fano complete intersection. 
Then any structure of a fiber space of relative Kodaira dimension zero x- F 
K,{W/ S) = 0, is a pencil: dimS" = 1. 

Recall the main steps of the proof. Let W/S and x be as above. Then the 
pair {F, ^S), where S = {x^^)*P*'^s C | — nKp\, is non-terminal (Proposition 2.2). 
However, it is canonical [1]. In the notations of the proof of Proposition 2.2, let 
E G F he a non-terminal singularity of the system S, that is, z/£;(S) = na{E), 
B = (p{E) C F its center. If codimi? > 4 or codimi? = 3, but the inequality 
multfiS < 2n holds, then the technique of counting multiplicities [15] immediately 
gives the inequality 

multB^>4n2, (10) 

where Z = {Di o D2) is the self-intersection of the linear system S, Z^j G S are 
general divisors. However, it was proved in [1, Sec. 2] that ()10|1 is impossible. 
Therefore, either codimS = 3 and multe S = 2n, or codimS = 2 and mult^ S = n. 
In any case the blow up of the subvariety B realizes a non-terminal singularity of the 
system S. If codim5 = 2, then Z = n'^B, that is, the self-intersection of the system 
S has no movable part. Thus the system E is composed from a pencil, dimS" = 1, 
as we claimed. 

To complete the proof, it remains to exclude the first case when codimS = 3. It 
can be done, using the technique of [1, Sec. 2]. For instance, if = maxjrfj} > 5, 
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then the equahty mult^ "Z = 4n^ imphes that for every point x & B each component 
of the effective cycle Z is of the form Ti fl T2, where Ti 7^ T2 are sections of F by 
hyperplanes, tangent to F at x. This is, of course, impossible (a section of F by any 
plane P C P of codimension two has at most a curve of singular points). Cheltsov 
noted that it is easier to exclude the case codimS — 3, using the cone technique 
[15]. Namely, the following claim holds. 

Lemma 2.1. For any irreducible subvariety Y <Z F of dimension k the inequality 
multy S < n holds. 

Proof. Let x E F \ F he a. point of general position, C{x) C P the cone with 
the vertex at x and the base Y. It is easy to see that C{x) f] F — Y \J R{x), where 
R{x) C F is the residual curve. For a sufficiently general point x the curve R{x) 
is irreducible. The family of residual curves R{x) sweeps out F. At the points of 
intersection y G R{x) fl Y the line L^^y, connecting the points x and y, is tangent to 
F. Thus for a general point x eF 

P(x)nSingy = 

(by a trivial dimension count). Furthermore (see [15]), 

{R{x)-Y)ci,)^degR{x). 

Now if multy E > n, we immediately get a contradiction in exactly the same way 
as in [15] (computing the intersection index 

{R{x) ■ D\ 

for a general divisor D e E). Q.E.D. for the lemma. 
Proof of Proposition 2.5 is complete. 

The arguments above extend immediately to the relative case. 
Theorem 4. Assume that the Fano fiber space V/¥^ satisfies the following 
conditions: 

(i) Ft G J-reg for any point t G P"*^; 

(ii) + 2Hf ^ Int AlV, 

(iii) -Ky^Al^^V. 

Then for every structure x'-V'-'^Wofa fiber space of relative Kodaira dimension 
zero, n{W/ S) = 0, we get dim 5" = 2, and moreover, the structure x is compatible 
with TT, that is, there is a rational dominant map A: S — ^ P^ such that Xo (3ox — tt. 

Proof. If the structure x is not compatible with vr, we apply Proposition 2.4 and 
obtain a contradiction word for word as in the proof of Theorem 1. Therefore, the 
structure x is fiber-wise. Thus the problem is reduced to describing the structures of 
relative Kodaira dimension zero on a fiber of general position, that is, to Proposition 
2.5?. 

Q.E.D. for the theorem. 



13 



References 

1. Pukhlikov A. v., Birationally rigid Fano complete intersections, Crelle J. fiir die reine 
und angew. Math. 541 (2001), 55-79. 

2. Pukhlikov A.V., Birational automorphisms of three-dimensional algebraic varieties with 
a pencil of del Pezzo surfaces, Izvestiya: Mathematics 62:1 (1998), 115-155. 

3. Pukhlikov A.V., Birationally rigid Fano fibrations, Izvestiya: Mathematics 64 (2000), 
131-150. 

4. Pukhlikov A.V., Birationally rigid varieties with a pencil of Fano double covers. II. 
Sbornik: Mathematics 195 (2004), no. 11, 1665-1702, arXiv: m athA G/04032lT] 

5. Pukhlikov A.V., Birational geometry of Fano direct products, arXiv: math.AG/0405011| 

6. Iskovskikh V.A. and Manin Yu.L, Three-dimensional quartics and counterexamples to 
the Liiroth problem. Math. USSR Sb. 86 (1971), no. 1, 140-166. 

7. Pukhlikov A.V., Birationally rigid varieties with a pencil of Fano double covers. I. 
Sbornik: Mathematics 195 (2004), no. 7, 1039-1071, arXiv: math.AG/031027q^, 

8. Shokurov V.V., 3-fold log flips, Izvestiya: Mathematics 40 (1993), 93-202. 

9. Kollar J., et al.. Flips and Abundance for Algebraic Threefolds, Asterisque 211, 1993. 

10. Pukhlikov A.V., Birationally rigid varieties with a pencil of Fano double covers. Ill, 
arXiv: math.AG/0510168j 

11. Kawamata Y., A generalization of Kodaira-Ramanujam's vanishing theorem. Math. 
Ann. 261 (1982), 43-46. 

12. Viehweg E., Vanishing theorems, Crelle J. fiir die reine und angew. Math. 335 (1982), 
1-8. 

13. Esnault H. and Viehweg E., Lectures on vanishing theorems, DMV-Seminar. Bd. 20. 
Birkhauser, 1992. 

14. Sobolev I. v.. On a series of birationally rigid varieties with a pencil of Fano hyper- 
surfaces, Sbornik: Mathematics 192 (2001), no. 9-10, 1543-1551. 

15. Pukhlikov A. v., Birational automorphisms of Fano hypersurfaces, Invent. Math. 134 
(1998), no. 2, 401-426. 

16. Cheltsov I.A., Log pairs on hypersurfaces of degree in P^. Math. Notes 68 (2000), 
no. 1-2, 113-119. 

17. Cheltsov LA., A double space with a double line. Izvestiya: Mathematics. 68 (2004), 
no. 2, 429-434. 

18. Cheltsov LA., Conic bundles with a large discriminant 116 (2005), no. 4, 385-396. 

19. Cheltsov LA., Birationally rigid del Pezzo fibrations. Manuscripta Math. 116 (2005), 
no. 4, 385-396. 



14 



20. Grinenko M.M., Birational properties of pencils of del Pezzo surfaces of degrees 1 and 
2. Sbornik: Mathematics. 191 (2000), no. 5, 17-38. 

21. Grinenko M.M., Birational properties of pencils of del Pezzo surfaces of degrees 1 and 
2. II. Sbornik: Mathematics. 194 (2003). 

22. Sarkisov V.G., Birational automorphisms of conic bundles, Math. USSR Izv. 17 
(1981), 177-202. 

23. Sarkisov V.G., On conic bundle structures. Math. USSR Izv. 20 (1982), no. 2, 
354-390. 



e-mail: pukh@liv.ac.uk, pukh@mi.ras.ru 



15 



